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OO • Abstract 

We consider solutions of the linear heat equation with time-dependent singular- 
P^ I ities. It is shown that if a singularity is weaker than the order of the fundamental 

■^ ' solution of the Laplace equation, then it is removable. We also consider the re- 

movability of higher dimensional singular sets. An example of a non-removable 
singularity is given, which implies the optimality of the condition for removability. 
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1 Introduction 



> 

"^ ! Removability of singularities of solutions is an interesting and important problem in 

ly-^ I partial differential equations. For the Laplace equation, the removability of a singular 

t;;;-j^ I point is defined as follows. Let m be a solution of 



Am = in fi \ {^o}, 



where Q is a domain in M^ and ^o ^ ^- We say that ^o is a removable singularity if 
/\ '. there exists a classical solution u of the Laplace equation such that 



u = u in Q\ {^o}- 
It is well known [3] that for A^ > 3, the singular point ^o is removable if and only if 

\u{x)\ = o{\x — ^o\'^~'^) as X — )■ ^0- 

For nonlinear elliptic equations, the removability of a singularity has been studied in 
many papers (see, e.g., Brezis-Veron [HH], Veron [H]), and various interesting results 
have been obtained. 
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Similarly, for the heat equation 

Ut = Au in fi\{^o} X (0,T) 

with A^ > 3 and T > 0, Hsu [7j proved recently that the singular point ^o is removable 
if and only if 

\u{x,t)\ = o{\x — ^o\'^~^) as X -^ ^0 

for every t G (0,T). Later, Hui [8] gave a simpler proof for this result. In [6], Hirata 
extended Hsu and Hui's result to semilinear parabolic equations of the form ut = Au + 
\u\'^~^u with p < N/{N — 2). See also Sato-Yanagida [9] for non-removable singularities 
in the semilinear parabolic equation. 

In this paper, we consider the case where a singular point may move in time and 
study its removability for the heat equation. More precisely, we formulate our problem 
as follows. For T > fixed, let ^ : [0, T] — t- M^ be a continuous function, and F C M^+^ 
be a curve given by 

F := {(x,t) G M^+^ : x = ^{t), t G (0,T)}. 

We take a domain Q C M^ such that ^{t) G Q for t G [0, T], and define 

D := {{x, t) G M^+^ : xen\ {^(t)}, t G (0, T)}. 

For a solution of 

Ut = Au in D, (1.1) 

the singularity at x = ^(t) is said to be removable if there exists a function u which 
satisfies the heat equation in fi x (0,T) in the classical sense and u = u on D. 

Our first result gives a condition for the removability of such a (moving) singularity. 

Theorem 1.1. Let N > 3. Suppose that u satisfies (II. ip in the classical sense. Then 
the singularity of u at x = ^{t) is removable if and only if for any < ti < t2 < T and 
< e < 1 there exists < r < 1 depending onti,t2,e such that 

l^(^,i)l<^3^|yp^, 0<|x-^(t)|<r (1.2) 

for anyt G [ti,t2]. 

Theorem 1.2. Let N = 2. Suppose that u satisfies (II. ip in the classical sense. Then 
the singularity of u at x = ^(t) is removable if and only if for any < ti < t2 < T and 
< e < 1 the function u satisfies 



\u{x,t)\ <e\og- —- Q<\x~m\<e (1.3) 

F-Ut)| 



for anyt G [ti,t2] 



Here we note that for A^ = 1, if we define u by 



r u{x,t) for (s, t) G D, 

u{x,t) := { iiminfM(x,t) for (x,t) e T, 



then the singularity at x = ^{t) is removable if and only if u is continuously differentiable 
at x = ^{t) for any t G (0,T). 

Next, we consider a higher dimensional singular set whose spatial codimension is 
greater than or equal to 2. We reformulate our problem as follows. Let m > 1, A^ > 
m + 2, T > and s = (si, S2, ■ ■ ■ , Sm) G M"^. We assume that the mapping 



e(s, t) = {e{s, t),e{s, t),..., e{s, t)) : [0, 1]"^ X [0, T] ^ 



sAf 



is continuously differentiable with respect to s and continuous with respect to t. Also, 
we assume that the Jacobian matrix of ^ with respect to s is non-singular, that is, 

rank \ ' • . j = m (1-4) 

for any (si, S2, ■ ■ ■ , Sm) G [0, l]*" and t G [0, T]. We denote the singular set by 

S(t):={e(s,t) : sG[0,ir} 
and define T C R^+^ by 

r := {(x,t) G M^+^ : x G H(t), t G (0,T)}. 
We also define a distant between x and H(t) by 

(i(x,S(t)):= min Ix — ,^(s, t)|. 

Furthermore, let fi C M^ be a domain such that 

fiD U S(t), 
*e[o,T] 

and define a domain D C ]R^+^ by 

D:= {(x,t) gM^+^ : xen\E{t), te (o,r)}. 

Now we define removability of a higher dimensional singular set as follows. For a solution 
of (11. ip . the singular set S(t) is said to be removable if there exists a function u which 
satisfies the heat equation in fi x (0,T) in the classical sense and u = u on D. 
Our results for higher dimensional singular sets are as follows. 



Theorem 1.3. Let N > m + 3. Suppose that ^ satisfies (11 .4^ and that u satisfies (11 .ip 
in the classical sense. Then the singular set H(t) is removable if and only if for any 
< ti < t2 < T and < £ < 1 there exists < r < 1 depending on ti,t2,e such that 

l^(^>^)l< ^(^^S(^^)iv->n-2 ' 0<rf(x,S(t))<r (1.5) 

for anyt E [ti,t2]. 

Theorem 1.4. Let N = m + 2. Suppose that ^ satisfies ( 11. 4p and that u satisfies (11. ip 
in the classical sense. Then the singular set H(t) is removable if and only if for any 
< ti < t2 < T and < e < 1 the function u satisfies 

\u{x,t)\ <e\og _ < rf(x,H(t)) <£ 

d(x,^(t)) 

for any t G [ti, t2]. 

By an analogous method to Section [3l we can extend Theorem 11.31 to the case where 
the singular set consists of Si, S2, . . . , S^, each of which satisfies (11.40 and may intersect 
with others. By regarding Si, S2, . . . , S^ as local coordinates, the above theorems give 
a condition for the removability in the case where the singular set is a compact m- 
dimensional C^ -manifold in M^. 

Next, we show the existence of a solution of (11. ip whose singularity moves in time 
and is not removable. Again, let A^ > 2, T > 0, and F C M^+^ be defined as above. 
Moreover, by some technical reason, we assume that ^ : [0, T] — >■ M^ is Lipschitz con- 
tinuous. 

The next result implies that the conditions in Theorem 1 1 . 1 1 and Theorem 11.21 for the 
removability are optimal in some sense. 

Theorem 1.5. Given any Lipschitz continuous function ^{t) : [0,T] — )■ M^, there exists 
u defined on a neighborhood of T such that u satisfies (11. ip in the classical sense but the 
singularity of u at x = ^{t) is not removable. 

In Section m we give an example of a non- removable moving singularity. In fact, this 
theorem will be proved by solving the following problem: 

ut - Au = 5{x - ^{t)) inM^x(0,T), (1.6) 

where S{-) denote the Dirac distribution concentrated at the point e M^. In this case, 
we can show that the singularity at x = ^(t) persists for (0, T) and the solution satisfies 

u{x,t) = Ci{t)\x-^{t)\^-'' + o{\x-^{t)\^''') if N>3, 

u{x,t) = C2{t)\og{\x-m\) + o{\og\x-m\) if N = 2 

at X = $,{t) with some positive bounded continuous functions Ci{t) and C2{t). 

This paper is organized as follows. In Section [2] we prove Theorems 11.11 and 11.21 by 
cutting a neighborhood of the singularity. In Section 12] we apply this method to a higher 
dimensional singular set. Section H] is devoted to the analysis of (11. 6p . 



2 Removability of a moving singularity 

In this section, we consider removability of a moving singularity. 

Proof of Theorem II. IL Necessity is easily proved by the same argument as in Section 
3 of [7J. Indeed, if the singularity of m at a; = ^(t) is removable, then u is bounded near 

We prove sufficiency. Let < ti < t2 < T and < £ < 1. By our assumption, 
there exists r = r{ti,t2,e) > such that (11. 2p holds. For each t G (0,T), we take any 
sequence {xi(t)}°Z^ C ^2 \ {^(t)} such that \xi{t) — ^(t)| — )■ as z — t- oo, and set 

{u{x,t) for (x, t) G D, 

\immiu{xi{t),t) for {x,t)eT. 

Our goal is to prove that u satisfies heat equation in ^2 x (0, T) in the classical sense. 
First, we show u G L^^ci^ ^ (O;^))- For each t G [^1,^2], we denote 

S(^(t),r) :={a;GM^ : \x - ^{t)\ <r}. 

By A^-dimensional polar coordinates centered at ^(t), we have 

'/ \x - ^it)\^-^ dxdt = Ci{t2 - ti)r^ (2.1) 

for some Ci = Ci{N) > 0. Let K C M^ be a compact subset of Q. Since C,{t) G Q 
for t G [0,T], we can take r = r(ti,t2,e) > so small that B{^{t),r) C ^2 for every 
t G [ti,t2]. By ([II2]) and (El]), there exists C2 > such that 

t2 r /•t2 r /•t2 r 

I \u{x,t)\dxdt < I I \u{x,t)\dxdt + e / / \x — ^{t)\^^^ dxdt 

ti Jk Jti JK\B{^{t,r)) Jti JB{^{t),r) 

<C2 + eCiit2 - hy <oo. 

Since < ti < t2 < T are arbitrary, we have u G Ll^ci^ ^ (O^^))- 

Next, we show that u satisfies heat equation in fi x (0,T) in the distribution sense. 
For this purpose, let G C^{fl x (0, T)) be a test function, and take a family of cut-off 
functions {r]r}r>o C C°^(i7 x (0,T)) such that 

Jo if \x-m\<r/2, 
"^'■^^^'^-{l if \x-m\>r, 

and 

< r/, < 1, \Vvr\ < Cs/r, \Ar]r\ < Cs/r^, |(r/,,)t| < Cs/r, (2.2) 



where C3 > is a constant independent of t. Since rjrCp G C^{Q x (0,T)), and u is a 
classical solution of (11. ip . we have 



u{x, t2)(f){x, t2)r]r{x, 12) - u{x, ti)(j){x, ti)r]r{x, U) dx 



t2 



(2.3) 



u{{4>r]j)t + A(0r7r)} dxdt. 



Here, we claim that the following convergence properties hold: 



lim sup 

£-S>0 

lim sup 
lim sup 

£-5-0 

lim sup 

£-S>0 



i2 r rt2 r 

I uAcpdxdt— / / u/S.{(j)rir) dxdt 
ti Jn Jti Jn 

i2 r rt2 r 

/ u(f)tdxdt— / / u{(f)rir)tdxdt 
ti Jn Jti Jn 



0, 



0, 

u{x,ti)(t)[x,ti) dx — I u{x,ti)(j){x,ti)rir{x,ti) dx 
Jn 

U{x,t2)(l){x,t2) dx — / U{x,t2)(l){x,t2)'rir{x,t2) dx 





(2.4) 




(2.5) 


= 0, 


(2.6) 


= 0. 


(2.7) 



To show (12. 4p . we rewrite 



t2 /" /"t2 /" 

/ uA(f)dxdt— / / uA((f)r]r) dxdt 
ti Jn Jti Jn 

t2 ^ rti r rt2 r 

I u{l — r]r)A(f) dxdt — 2 / / {tV0 ■ Vr^^ dxdt — / u(f)Ar]r dxdt 

ti Jn Jti Jn Jti Jn 



-'■ Il,r — 2/2,r — l3,r- 



(2.8) 



By (II. 2p and (12. 2p . for sufficiently small r = r{ti,t2,e) > 0, we have the inequalities 

ft2 



l^l,r| < 



L^inx{o,T))£ I I \x-^{t)\ dxdt, 

ti JBim,r) 
t2 

2-N 



IVI < ||V0|Uoo(f,^(O,T))C3- / / \X - i{t)\'-''' dxdt, 

r Jti JB{m,r) 

\hA < ||01|l-(Ox(O,T))C34 /' / \X - m?-'' dxdt. 

r Jti JB{m,r) 



Hence, by (12 . 1 p and r G (0, 1), we have 



|/i,r| < ||A0||Loo(f^x{o,T))Ci(t2 - ti)er^ < C^e, 
\h,r\ < ||V0||Loo(nx{o,T))C'iC3(t2 - ti)er < C^e, 

\hA < ||0||l°°(Cx(O,T))C'iC3('^2 — ti)^ < Ci^ 
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for some C4 > 0. Hence we obtain (12 .4^ . Similarly we obtain f l2.5p . fl2.6p and (12. 7p from 
above estimates. 

Thus, the function it satisfies 

u{x,t2)4>{x,t2) — u{x,ti)(f){x,ti) dx = / / u{(j)t + ^(j)) dxdt (2.9) 

Jti Jn 

for any G C^{Q x (0,T)). Since < ii < t2 < 7" be arbitrary, the function u G 
Ll^ci^ ^ (0'^)) satisfies the heat equation in fi x (0,T) in the distribution sense. By 
using the Weyl lemma for the heat equation (see, e.g.. Section 6 of |5] or [in]), u satisfies 
the heat equation in ^2 x (0,T) in the classical sense. Since u = u in D, the singularity 
of M at a; = C,{t) is removable. | 

Proof of Theorem ll.2L We prove only sufficiency. Let < ti < ^2 < T and < e < 1, 
and define u as in the proof of Theorem 11.11 By 2-dimensional polar coordinates, we 
have 

/ / log I ^-777^dxdt<Ciit2-h)il + \ogil/€))e^ (2.10) 

Jti JB{£,{t),e) F-Utjl 

for some Ci > 0. This implies u G -^ioc(^ ^ (O^^))- 

We show that u satisfies heat equation in i7 x (0, T) in the distribution sense. Let 
(j) G C^{n X (0,T)), and take {r/J^o C C°^(fi x (0,T)) such that 

Jo if |x-^(t)|<5/2, 

''^^'^'^"li if \x-m\>e, 

and 

0<Ve<l, |Vr7,|<C2/£, \Ar]e\<C2/e', \iVe)t\<C2/e (2.11) 

for some C2 > 0. Since u satisfies (II. ip . the equality (12. 3p holds for r = e. Again, we 
claim that the convergence properties (12. 4p . (12. 5p . (12. 6p and (12. 7p hold for r = e. Let 
/i,£, J2,e and /s^e be defined as in (12. 8p with r = e. By (II. 3p and (12. lip , for sufficiently 
small £ > 0, we have 

|/l,e| < ||A(/)||loc(Qx(0,T))£ / / log-^ ——rdxdt, 

|/2,e| < ||V0||Lcx,(f^x(O,T))C2 / / log r —— dxdt, 

1 /■*" /■ , 1 



14^1 < ||0||L-(nx(o,T))C2- / / log^ ——dxdt. 

^ Jti JBii(t),e) F-Utjl 

Hence by (12.101) . we have 

|/i,e| < \\A(f)\\L..^nx(o,T))Ci{t2-h){l + \og{l/e))e^<C,e\og{l/e), 
\l2,e\ < \\V^L^(^nxio,T))CiC2it2-h){l + logil/e))e^<Cse\ogil/e) 

\h,e\ < ||0||L-(f7x(O,T))CiC2(t2 -ti) (1 + log(l/£)) £ < CsSlogil/e) 



for some C3 > 0. Hence we obtain (12 .4^ . Similarly we obtain f l2.5p . f l2.6p and (12. 7p 
from above estimates. These imply that it G Ll^ci^ ^ (O^^)) satisfies the heat equation 
in fi X (0, T) in the distribution sense. The remainder is the same as in the proof of 
Theorem 11.11 | 



3 Removability of a singular set 

Let E{t) CR^, D C M^+\ T C M^+\ and fi C M^ are the sets defined in Section [H 
To show Theorems 11.31 and II. 4[ we give the following estimates. 

Lemma 3.1. There exists Ci = Ci{N, m) > and C2 = C2{m) > such that for every 
sufficiently small r > 0, 

f d{x,E{t))"'+^-^dx<Cir^ if N>m + 3, (3.1) 

JAr,t 

log ^, i, , , dx < Car' (1 + log - ) if N = m + 2 (3.2) 

Ar.t d{x,^{t)) \ rj 

for any t E (0, T), where Ar^t ■= {x eR^ : d{x, S(t)) < r}. 

Proof. We prove the lemma only in the case N > m + 3. In fact, (13. 2p can be proved 
in the same manner as (13. ip . Let t E (0, T) be fixed. We extend the domain of the 
function ^ to [a, b]"^ x [0, T] with a < and b > 1. That is, we take a mapping 



e(s,t) = (e^(s,t),e2^s,t),...,e^(s,t)) : [a,br x [0, T] ^ 



bN 



such that ^ is continuously differentiable in s and continuous in t. In addition, we assume 
that ^ satisfies (II. 4p and 

^1 = f f^ \ = P 7 = 12 m 7 = 12 TV 

We define 

E{t) := {iis,t) : sE[a,br}. 

For each s E (a, 6)™, let 11^ j(s) be a subset of a normal plane of H(t) at ^(s, t) given 

by 

nr,t(s) := {a; e v4^,t : (x - |(s, t)) ■ |s,(s, t) = for any i = 1, 2, . . . ,m}. 
Since ^(^ t) is defined on a compact set, there exists a sufficiently small r > such that 

d{x,E{t)) = \x - ^{t)\, xEUr,t{s) (3.3) 



for each s G (a, 6)™". Again by compactness, we have 



M := max / da™ < oo, (3.4) 

where da^ is an ?7i-dimensional surface element. Since ^ satisfies (11. 4p . nr.,t(s) is a part 
of an [N — m)-dimensional hyperplane. For each s G (a, 6)™, let Pg '■ I^^ ~^ 1^^ be a 
congruent transformation defined by 

PsX = {yi, Z/2, • • • , l/7V-m, 0, . . . , 0), X G nr-,t(s) 

for some yi,y2, ■ ■ ■ , yN-m & ^- Now, by using (A^ — m)-dimensional polar coordinates, 
we obtain 

|y r+2-A^ dy^dy, ■ ■ ■ dyj,^^ = C, f pm+2-NHN-m-i) ^p = c,r\ (3.5) 

where C3, C4 > depend on N, m but not on s, t. 

Recall that the congruent transformations preserve a distance between any two points 
and that the function ^ is an extension of ^. Hence by choosing sufficiently small r > 
again if necessary, we have the estimate 

d{x,i{-,t))'^^^~^ dx < MCy 

Ar,t 

by using ([SJD, dMD and ([33]). Thus we obtain ([31]). 1 

Proof of Theorem 11.31 We adopt the same approach as in the proof of Theorem II. 1[ 
so we state the outline only. 

Let < ti < ^2 < 7" and < £ < 1. By our assumption, there exists r = r(ti,t2,e) > 
such that (ll.Sp holds. For t G (0,T), we take any sequence {xi{t)}°li gQ\ S(t) such 
that d{xi{t),C,{-,t)) — 7- as 2 —7- 00, and set 

{u{x,t) for (x,t) G D, 

liminfM(xi(t),t) for(x,t)Gr. 

By Lemma [3m we obtain u G Ll^^i^ x (0, T)). We show that it satisfies (II. ip in fi x (0, T) 
in the distribution sense. Let (p G C^ln x (0,T)), and take {ryj^o ^ C°°(^ x (0,T)) 
such that 

Jo if rf(x,e(-,t))<r/2, 

[1 if rf(x,^-,t)) >r, 

and Tjr satisfies the condition (12. 2 p for some C > 0. Since u satisfies (II. ip . we have (12. 3p . 
By Lemma l3.ll and an argument similar to Section |2l we obtain (12. 9p . That is, the 
function it G Ll^^i^ ^ (0; ^)) satisfies the heat equation in fi x (0, T) in the distribution 
sense. The remainder is the same as in the proof of Theorem 11.11 | 

Since (13. 2 p holds, we can show Theorem II. 41 in the same way. We omit details of the 
proof. 
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4 Non-removable singularity 

In this section, we consider the case where a singularity move in time and is not 
removable. Without loss of generality, we take Q = M^. Let N > 2 and T > 0. We 
assume that ^ : [0, T] — )■ M^ is arbitrarily given Lipschitz continuous function with a 
Lipschitz constant L > 0. 

To show Theorem 11.51 we solve the equation (11. 6p . In this paper, we say that u 
satisfies (11. 6p in the distribution sense if u belongs to L^^^iM^ x (0,T)) and satisfies 

/ / {-(j)t-A(j))udxdt= / (j){^{t),t)dt (4.1) 

Jo Jrn Jo 

for any (f) G C^{R^ x (0,T)). Now, we denote by 

the fundamental solution of the heat equation. Moreover, we define F in M.^ x (0, T) by 

F{x,t) := / <^{x-^{s),t-s)ds. 
Jo 

In the following, we will show that F satisfies (II. 6p in the distribution sense. In addition, 
we will give upper and lower estimates of F, and we will see that F is an example of 
Theorem 11.51 

Proposition 4.1. The function F satisfies (II. ip in the classical sense. 



To show Proposition 14.11 we give the following lemma. 
Lemma 4.1. The function F satisfies (II. 6p in the distribution sense. 
Proof. First, we show F G Ll^^(R^ x (0,T)). By simple calculation, we have 

/7 

Jo JRJV 



F{x,t) dxdt = / / I / ^{x — ^{s)^t — s) dxj dsdt 
Jo Jo \Jrn J 



T rt ^ 

dsdt = -T^ < cxD, 
~'o 2 



so that F G L\R^ x (0,T)). In particular, F belongs to Ll^{R^ x (0,T)). 

Next, we show that F satisfies (gl]). For this purpose, let G C^(M^ x (0,T)) be 
a test function. For each t G (0, r), we take r G (0, t) and define F'^ by 



F^{x,t)=l ^{x-^{s),t- s)ds. 
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Here F"^ is bounded for each fixed r, that is, there exist Ci{N), C2{N) > such that 



t~T 



< F^{x,t) < Ci{N) / (t - s)-^/^ds < C2{N)t^ 



for each t G (0,T). Then, integrating by parts yields 



/ / {-(pt- M)F^ dxdt 
Jo Jr^ 



/ {-(f)t - A(j)) ( ^{x-^{s),t-s)ds] dxdt 

Jr^ \Jo 

T 



/ / (f){x,t)^{x - ^(t -T),T)dxdt 

Jo JR^ 



+ / / (t){x,t) I {<^t{x-^{s),t-s)-A(^{x-^{s),t-s)}ds]dxdt 

Jo Jri^ \Jo 

/ (f){x,t)^{x - ^{t -T),T)dxdt. 



Similarly from Section 2.3.1 of ^, we see that 



lim 

r-5-O 



(x,t)$(x-^(t-r),r)dx = 0(e(t),t) 



(4.2) 



for each t G (0,T). 

For the reader's convenience, we give a proof of f l4.2p . Let < t < T and £ > be 
fixed. We choose 6 > such that 



|0(x,t)-0(e(t),t)|<£ 
for any \x — ^(t)| < b. Then, we have 



(4.3) 



R^ 



< 



{X, t)$(x - e(t -T),T)dx- 0(e(t), t) 



(x, t) - 0(e(t), t)|$(x - e(t - r), r) c?x 



+ / =: /i + h- 



First, by (14.31) . we have an estimate of Ji as 



h<e ^{x -C,(t -T),T)dx = e. 

Jr!^ 
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Next, we give an estimate of I2. If \x — i{t)\ > 5 and |^(t) — ^{t — r)| < 5/2, then 
\x - m\ <\x-^{t-r)\ + |e(t - r) - ^(t)| < |x - ^(t - r)| + ]^\x - ^(t)| 

Hence \x — ^{t — t)| > |x — ^(t)|/2. By simple calculation, 

\x — I 

At 



h < 2||0|Uo^(M-x(o.T)) / (4vrr)-^/2 exp ( _\^LJ^L_L)1 ) dx 

jRN\B{i{t),S) 



< CsT-^/^ f exp f-l^JM. I dx 



y^r ' / r exp , 

/■oo 

= C5 / a^-V""' da^O as r ^ 0, 

i<5/4v^ 

where C3, C4, C5 > are constants independent of r, and r = Ay/rcr. Therefore, if 
we have |^(t) — C,{t — t)| < 6/2 and take r > is sufficiently small, then we obtain 
Ii + h< e. Thus it is shown that (Q holds. 

From f l4.2p and the Lebesgue theorem, we see that F satisfies f l4.ip . that is, 

/ {-(t)t-A(f))F{x,t)dxdt= / (j){^{t),t)dt. (4.4) 

^R^ Jo 

Hence the function F satisfies (11. 6p in the distribution sense. | 

Proof of Proposition 14.11 Let ip G C^{D) be a test function, in particular, ip G 
C^{R^ X (0,r)). By (gaD, we have 

/ / {-ipt - A'^)F dxdt = / ilj{^{t),t)dt. 
Jo Jr^ Jo 

Since '?/'(^(t), t) = for any t G (0, T), we obtain 

/ {-^pt- A'4j)Fdxdt = 0. 

Hence F G L^(M^ x (0,T)) satisfies the heat equation in D in the distribution sense. 
By the Weyl lemma for the heat equation, we conclude that F satisfies (II. ip in the 
classical sense. | 

Proposition 4.2. Let N > 3. There exists Ci = Ci{L,N,T) > and C2 = 
C2{L,N,T) > such that F{x,t) satisfies 



for each t G (0,T) and Q<\x- i{t)\ < ^/t. 
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Proof. Let t G (0,T) be fixed. We set z := x — ^(t) and assume < |2;| < y^. By 
changing variable t — s = \z\'^/{4a), we have 

F{x,t) = Cs{N) fit - sr"^'' exp (- '^^^^ f' ^^'^n ds 



\2-N 



4(t - s) 



C4(A^) 1-21" f 0-2 "exp(-o- 

'|z|2/4t 

with some constants C^{N)^ Ci{N) > 0. By simple calculation, we have 

\z + m - e(s)r = \z\'+2z- im - m) + \m - as)\'- 

In order to give an estimate of F, we consider the integral 



da 






J(z,t) := / o-~'e''' exp ( -2a 

'|z|2/4t 



^■(e(t)-e(s)) je(t)-e(^) 



a- 



da. 



By the Cauchy-Schwarz inequality and Lipschitz continuity of ^, we have 



exp I — 2(T 



^■{m-i{s)) 



< exp 



2ct 



m-dt- 



Aa 



< gikl/2 < ^LVt/2 < gLv^/2 



and 



Similarly, 



exp -a — pr I < 1. 



exp ( _2.i:M^l^M)~] > e-^N/^ > e'^^/^ 



Again by using Lipschitz continuity of C,, we have 



e.p , -.M^PP I > ,,p 



O" /, -2 



2n2 



L^ > exp -L 



\z\^ J \ \z^ V 4o" 

Moreover, by substituting a = |zp/(4t) into exp(— L^|zp/(16o")), 

12 



16(7 



exp — L 



16(T 



L2i/4 ^ ^-L2T/4 



> e"^ ^/^ > e 



Thus we obtain 



e -^vT/2^-L2T/4 < ^^p ( _2^MiW^i(£)) _ ^M^l^M^ ] < e^^/2 
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for each < |2;| < y/i. 

Using these inequahties, I{z, t) is estimated as 



"OO 

N 



/•oo pc 

^-lVt/2^-l^t/4 / ^f -2^-- da < liz, t) < e^^/2 / 

J\z\^/4t J\z\ , 

Hence there exist C^{N,L,T), Ce{N,L,T) > such that 

/•oo /'OO 

Csl^r-^ / a^-^e-''da<F{x,t)<Ce\z\^-'' / a^-V^rfcr (4.5) 
for each < \z\ < \/t. Here, by direct calculation, we have 



oo ^oo 



J{z,t):= I a'i-^e-'^daK a^-^e''' da = Cj{N) 

J\z\2/At Jo 

for some C7{N) > 0. On the other hand, since \z\ < \/t, we have (1/4, oo) C 
(|zp/(4t),cx)). Thus, there exists Cs{N) > such that 



/■oo 

J{z,t)> a^-^e-''da = CsiN). 

Jl/A 



1/4 

Consequently, we obtain 

Cs{N)<J{z,t)<CriN). 

By these inequalities and (14. Sp . the proof is complete. i 

Proposition 4.3. Let N = 2. There exist Ci = Ci{L,T) > and C2 = €2(1, T) > 
such that F{x,t) satisfies 

for each te (0,T) and < \x - ^{t)\ < min{l/(4t),4t, 1/4}. 

Proof. We fix t e (0, T) and set z := a; - ^(t). Setting A^ = 2 in f H3|l . we have 



C3(L, T) / a-^e-" da < F{x, t) < C^iL, T) / 



00 



'|^|2/4t J|2|2/4i 

for each < |z| < min{l/(4t),4t, 1/4} and some C3{L,T), Ci{L,T) > 0. We note 

\z\^ < |-2|V(4t) < \z\ < 1/4. (4.7) 
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Since {\z\^,oo) D {\z\'^ / {At) , oo) by fj4l71) . we have 

O /"OO 

|z|2/4i ^|zp 

^1 POO 

J\z\'i Jl 

= 3log{l/\z\) + e-\ 

Hence by e~^ < log4 < log(l/|z|), F satisfies 

F{x,t)<4C,{L,T)\og{l/\z\), 

so that the second inequahty in (14 .Op holds. On the other hand, since (|-2|,1) C 
(|z|V(4t),oo) by (iZD, we have 

/ a-^e-^da> a-^e-"" da > e-Hog{l/\z\). 

J\z\'2/At J\z\ 

Hence F satisfies 

Fix,t)>e-'C,iL,T)\ogil/\z\), 

so that the first inequahty in (14. 6p holds. i 

Now Theorem 1 1 . 51 immediately follows from Propositions 14. 2^ 14. 31 and Proposition 14.11 
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